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Tracing Rules in Structural Equation
Modeling:

Ge, F., & Childress, S., (2010)

Preliminaries:

This handout offers an outline of how to calculate the expected variances, covariances and
means in a two-factor CFA model. All examples are presented with a path diagram illustration
and mathematical decomposition. Since different drawing and labeling conventions of path
diagrams are utilized in SEM modeling, this handout offers examples in two mostly used
drawing conventions for SEM: 1) A simpler short-hand way; 2) A technically accurate way.

Tracing Rules for Variances/Covariances*

e Traces all paths between indicators multiplying as you go.
e “Arrows” are unidirectional (start at the point): no going forward and then backward.
¢ No loops are allowed:
- When tracing from one variable to another, you cannot pass through the same
variable twice.
- Only ONE curved arrow is allowed in one tracing.
- Add all paths together.

*Details are available at here (need a KU ID to get access).

Convention 1:

C A preferred short-hand way:

the residual-variance
information is represented as
‘unexplained” variance in the
indicator.
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http://projecteuclid.org.www2.lib.ku.edu:2048/DPubS?service=UI&version=1.0&verb=Display&handle=euclid.aoms/1177732676
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2 = Model Implied Correlation/Covariance Matrix

Indicatorl Indicator2 Indicator3 Indicator4 Indicator5 Indicator6

C1,1 A11WiaAg 0t

01,1
C1,2 A11Waz1 Az 1W11Az1+
02,2
C1,3 MaWiiAsg A21W11231 A3 1Wiahg 1+
033
C2,1 A11%¥21242 A2,1W21h42 A3,1W21h42 Ay 2Wo oMy 0+
04,4
C2,2 A11%¥214s A2,1¥21As2 A3,1¥21h42 Ag2¥o 225, As 2 W2 2As 5+

05,5
C2,3 A1,1W2,16 2 A2,1W2,1262 A31W21042 Ay2W2 2062 As 22206 Ae2W2 2062+
B6,6
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Variance of “indicator 6” = Ag W, 246 2+ B¢ 6

2 = Model Implied Correlation/Covariance Matrix
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C2,2
C2,3

Indicatorl Indicator2 Indicator3 Indicator4 Indicator5 Indicator6
A Wit
e1,1
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Al,quZ,l)\Al—,Z AZ,llpZ,l)\L},Z )\3,1lp2,1)\4,2 }\4,21{12,2)\4,2"'
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Covariance between “indicator 1” and “indicator 2” =
7\1,14'1,17\2,1

2 = Model Implied Correlation/Covariance Matrix

Indicatorl Indicator2 Indicator3 Indicator4 Indicator5 Indicator6

C1,1 A1 1WAt

01,1
C1,2 A11W1121 Az 1W11Az1+
02,2
C1,3 MaWiidsg A2 111231 A3 1Wiahs 1+
033
C2,1 A11%¥21242 A2,1W2142 A3,1W21h42 Ay 2Wo oMy 0+
04,4
C2,2 A11¥214s A2,1¥21As2 A3,1W21h42 Ag2¥o 205, As 2 W2 2As 5+

05,5
C2,3 A1,1W2,16 2 A2,1W2,1262 A31W21042 Ay2W2 2062 As 22206 Ae2W2 2062+
B6,6
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Covariance between “indicator 4” and “indicator 6” =
}\6,2q12,2}\4,2

2 = Model Implied Correlation/Covariance Matrix

Indicatorl Indicator2 Indicator3 Indicator4 Indicator5 Indicator6

C1,1 A1 1WAt

01,1
C1,2 A11W11A21 Az 1W11201+
02,2
C1,3 MaWiiAsg A21W11231 A3 1Wiahg 1+
033
C2,1 A11%¥21242 A2,1W21h42 A3,1¥21h42 Ay 2Wo oMy 0+
04,4
C2,2 A11¥214s A2,1¥21As2 A3,1W21h42 Ag2¥o 225, As2Wo2As 5+

05,5
C2,3 A1,1%W2,16 2 A2,1W21262 A31W21042 Ay 2W2 206 As 22206 Ao 222062+
B6,6



Covariance between “indicator 1” and “indicator 4” =
7\1,1‘}’2,17\4,2

2 = Model Implied Correlation/Covariance Matrix

Indicatorl Indicator2 Indicator3 Indicator4 Indicator5 Indicator6

C1,1 A1 1WAt

01,1
C1,2 A11Waz1 Az 1W11Az1+
02,2
C1’3 M1Wi12s4 Az 111231 A3 W13t
033
C2,1 A11%¥2,124,2 A2,1W21h42 A3,1¥21h42 Ay 2Wo oMy 0+
04,4
C2,2 A11%¥214s A2,1¥21As2 A3,1¥21h42 Ag2¥o 205, As 2 W2 2As 5+

05,5
C2,3 A1,1W2,16 2 A2,1W2,1262 A31W21042 Ay2W2 2062 As 22206 Ae2W2 2062+
B6,6



Existence of a dual loading:

2 = Model Implied Correlation/Covariance Matrix

7\4,1Lp1,17\4,1+7\4,2Lp2,27\4,2+27\4,2q12,17\4,1+ 044

Variance of “indicator 4” =

C1,1
C1,2
C1,3
C2,1
C2,2
C2,3

Indicator Indicator Indicator Indicator Indicator Indicator
1 2 3 4 5 6
AW+
011
VERE SRR AWyt
02,2
VSR SRLCR Ay 111231 Az 1W11A54+
03,3
MaW2adat A 1Wo il A3 1Woilant | Aa22Wao+ Ae12Wias
A1 Az21%W11A41 Az 1W11A41 2041 W12+ 044
A11¥212s5 2 A21%¥212s52 Az 1W21042 A14,2W2 225 A5 2Wa A5 0+
05,5
A11%¥2126 2 A21%¥21262 Az1¥21042 A14,2W2 2262 As2Woohe2  Ag2Wo 262t

e6,6



2 = Model Implied Correlation/Covariance Matrix

Covariance between “indicator 1” and “indicator 4” =

7\1,1lp1,17\4,1+7\1,1q12,17\4,2

C1,1
C1,2
C1,3
C2,1
C2,2
C2,3

Indicator Indicator Indicator Indicatord Indicator Indicator
1 2 3 5 6
AW+
011
A1W11h21 Az 1W11A01+
02,2
AM1Wii2s0 Ay 111231 Az 1W11A54+
03,3
AaW2a0a0t A Wo Aot A3 1Woilant | Ae22Wor+ A2 Wi
A1WiaAsn Az21%W1,1241 Az 1W11A41 2041 W12+ 044
A11¥212s5 2 A21%¥212s52 Az 1W21042 A14,2W2 225 A5 2Wa A5 0+
05,5
A11%¥2126 2 A21%¥21262 Az1¥21042 A14,2W2 2262 As2Woohe2  Ag2Wo 262t

e6,6



Existence of a correlated residual:

qJZ,l

Covariance between “indicator 5” and “indicator 6” =

)\S,ZLPZ,Z)%,Z + B¢ 5

Z = Model Implied Correlation/Covariance Matrix

C1,1
C1,2
C1,3
C2,1
C2,2
C2,3

Indicatorl Indicator2 Indicator3 Indicator4 Indicator5 Indicator6
AWt
e1,1
A 1WiaAs4 Ay W1zt
e2,2
}\1‘111"1_1)\3_1 }\2,11{11,1)\3,1 }\3,11{11,1)\3,1"'
e3,3
Al,llpZ,l)\Al—,Z AZ,lLPZ,l)\L},Z )\3,1412,1)\4,2 )\4,2qJ2,2}\4,2+
e4,4
}‘1,qu2,1)\5,2 AZ,llpZ,l)\S,Z )\3,11{}2,1)\4,2 }\4,21{12,2)\5,2 }\5,21{}2,2)\5,2"'
Bs5
Al,quZ,l)%,Z AZ,llpZ,l)\&Z )\3,11{}2,1)\4,2 }\4,21{12,2)\6,2 }\5,21{}2,2)\6,2+96,E )\6,21}12,2}\6,2"'

e6,6



Convention 2:

The technically accurate way:
Residual-variance information is
treated as a unique factor with
some estimated variance.
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Z = Model Implied Correlation/Covariance Matrix *

Indicatorl Indicator2 Indicator3 Indicator4 Indicator5 Indicator6

C1,1 A1 W10t
01,1
C1,2 A11W11A21 Az 1W11201+
02
C1,3 MaWiidsg A2 111231 A3 1Wiahs 1+
033
C2,1 A1W2,1042 Az 1¥o 1242 A31¥21242 Ay 2Wo oMy 0+
04,4
C2,2 A11¥214s A2,1¥21As2 A3,1W21h42 Ag2¥o 205, 7\5,21}6’2,27\5,2"'
5,5
C2,3 A1,1W2,16 2 A2,1¥21262 A31W21042 Ay2W2 2062 As 22206 )\6,211;2,2}\6,2"'
6,6

*The corresponding path diagram is on the next page:
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Z = Model Implied Correlation/Covariance Matrix *

Indicatorl Indicator2 Indicator3 Indicator4 Indicator5 Indicator6

C1,1 A11WiaA0+

011
C]_’Z IORE ZRUCE! A1 WiaAg 0t
62,2
C1’3 M1Wi12s4 Az 111231 A3 W13t
033
C2,1 A11W2,1042 A2 1W21042 A31W21242 Ay 2W22M4 0+
044
C2,2 A1W2,152 IPER SEUCP) A31%21042 Ay 2W22As, As 2 W2 250+
05,5
C2,3 A1,1%¥2,1062 A21%21062 A31%21042 Ay 2W22R62 As 22206, A6 22262+

e6,6

*The corresponding path diagram is on the next page:
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Covariance between “indicator 1” and “indicator 2” =
7\1,1q’1,17\2,1

2 = Model Implied Correlation/Covariance Matrix *

Indicatorl Indicator2 Indicator3 Indicator4 Indicator5 Indicator6

C1,1 A1 1WAt

01,1
C1,2 A11W1a21 Az 1W11201+
02,2
C1,3 MaWiiAsg A21W11231 A3 1Wiahg 1+
033
C2,1 A11%¥2,124,2 A2,1W21h42 A3,1¥21h42 Ay 2Wo oMy 0+
04,4
C2,2 A1¥214s A2,1¥21As 2 A31W21h42 Ag2¥o s, As 2 W2 2As 5+

Bs,5
C2,3 A1,1%W2,16 2 A2,1W21262 A31W21042 Ay 2W2 2062 As 22206 Ao 222062+

06,6
*The corresponding path diagram is on the next page:



Covariance between “indicator 1” and “indicator 4”
7\1,1lpz,17\4,2




Tracing Rules for Means

¢ Indicator means consist of a common factor component and a unique component
(intercept)

e Observed mean is found by multiplicatively tracing all paths from one indicator to an
intercept/mean (i.e., the constant) then adding all values
- Can only go through unidirectional arrows
- Can only go “up” an arrow

Formula to Reproduce Means:

e Indicator Mean = Intercept + Loading*(Latent Mean)
e Y= 1+ A(0)=pu

Path Diagram lllustration:

Mean of “indicator 1”7 =t; + Ay 1 (ay)




Mean of “indicator 5” = t5 + A5 5 (a3)
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